ON SQUEEZE THEOREMS FOR NONSMOOTH FUNCTIONS 

V. Jeyakumar,  P.N. Tinh

The squeeze theorem for locally Lipschitz functions states if f1, f 2 and f 3:  Rn  ( R  are three locally Lipschitz functions such that  f1 ( f2 ( f3  and if f1(x)= f2(x)=  f1(x) then

(c f1(x)( (c f2(x) ((c f3(x) (( ,

where (c fi(x) is the Clarke generalized subdifferential of fi at x. The Clarke subdifferential of a locally Lipschitz and Gateaux differentiable function at a point may contain elements other than the Gateaux derivative at that point. However, if f1, f2 and f3: Rn  ( R are also Gateaux differentiable such that f1 ( f2 ( f3  and f1(x) = f2(x) =  f3(x)  then f’1(x)= f’2(x) = f’3(x), where for each i, f’i(x)  is the Gateaux derivative of fi at x. Benoist and Hiriart-Urruty (2000) have generalized the squeeze theorem by showing that if f1, f2,..., fm: Rn  ( R  are locally Lipschitz functions such that  f1 ( f2 ( ...( fm    and if  f1(x) = f2(x) =... =  fm(x)  then

(( f1(x)( (( f2(x)(… ((( fm(x) (( ,

where (( fi(x) is the Michel-Penot subdifferential of fi at x. Such situations arise in the study of eigenvalue functions of symmetric matrices.

The present work was motivated by the recent work of  Lewis, Lucchetti and Benoist, Hirriart-Urruty. The purpose of this note is to establish a version of the squeeze theorem for continuous functions in terms of approximates Jacobian matrices and to show that the squeeze theorem holds for arbitrary family of ordered locally Lipschitz functions and Michel-Penot subdifferentials, extending the corresponding results of Benoist and Hirriart-Urruty.
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