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Abstract: We consider the following optimal control problem

ẋ(t) = f(x(t), u(t)), u(t) ∈ U, t ∈ [0, T ],

where x ∈ IRd is the state variable, u(·) is the control and J := g(x(T )) is a criteria that

the controller wishes to minimize.

The main specificities of the optimal control problem we will investigate in the paper

lies in the fact that the initial position is not exactly known by the controller but only a

probability measure µ0 is available.

Because of the uncertain initial position at every point of the support of µ0 corresponds

a possible different control. Moreover we allow the ”division of mass” i.e. even the initial

condition x0 would be known (namely µ0 = δx0), it can be splitted in several trajectories by

several possible velocities in f(x0, U) but of course the weight of these trajectories should

be remain 1. So the natural state variable of our control problem is probability measure on

Rd. The conservation of mass of the trajectory (µt)t∈[0,T ] and the controlled dynamics can

be summarized in the following dynamical system
∂tµt + div(vtµt) = 0, t ∈ [0, T ]

µ|t=0 = µ0

vt(x) ∈ f(x, U) for µt almost every x ∈ IRd .

The first equation of the above system should be understood in the sense of distribution. So

the new state variable is a probability measure, and our aim is to characterize the associate

value function through a Hamilton Jacobi Bellman Equation stated on the space probability

measures on IRd.
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