
Solution of Inverse Problem of the Variational Calculus

for Differential Equations of Second Order

with Deviating Argument

G. A. Kurina1

Abstract: We consider the following equation with deviating argument

(A+ B̃)y′′(x) + Cy′′(x− θ) + D̃y′′(x+ θ) + E + F̃ = 0. (1)

Here the coefficients A, B, C, D, E, F are functions that depend on x, y(x), y(x − θ),
y′(x), y′(x − θ) and are twice continuously differentiable with respect to the arguments;

B̃ := B(x+θ, y(x+θ), y(x), y′(x+θ), y′(x)), where B = B(x, y(x), y(x−θ), y′(x), y′(x−θ)).
Also, it is assumed that admissible functions y(·) satisfy the following conditions

y(x) = ϕ(x), x ∈ [a− θ, a]; y(x) = ψ(x), x ∈ [b− θ, b]. (2)

We study the inverse problem of the variational calculus for equation (1). Namely, we
seek for an integral functional for which Euler’s equation coincides with equation (1). We
obtain conditions ensuring the solvability of the inverse problem for equation (1). Moreover,
we show that the functional solving the inverse problem admits the following representation

J(y) =
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a
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0

(
H −
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0
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)
dy′(x)

)
dx, (3)

where the functions H and K are defined by means of coefficients in (1).

The results are demonstrated by illustrative examples.

Euler’s equation for integral functionals with deviating argument and with conditions
(2) can be found in, e.g., [1]. Under additional assumptions on coefficients in (1) and other
conditions for admissible functions, necessary and sufficient conditions for the solvability of
the inverse problem of the variational calculus have been obtained in [2].
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